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Abstract
an existence theorem of a unique solution of a Volterra integral equation of convolution type will be
proved. The paper will be ended by two examples that treat the solvability of a Volterra integro-

differential equation of convolution type in the space of Lebesgue integrable functions L'[ 0 T ].
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Introduction

Integral equations play an important role in many branches of mathematics and their
applications,

including differential equations, mathematical physics, control theory, and population
dynamics

[17 - 21].

The aim of this article is to study the solvability of a Volterra integral equation of
convolution type

in the space L'[0,T]. We focus on establishing sufficient conditions that guarantee
existence

and uniqueness of solutions. The approach relies mainly on Schauder's fixed point
theorem and

compactness criteria in Lebesgue space L[ 0,T ]. Moreover, the results are extended to
the solvability of an integro-differential equation in the space L'[ 0 T ] that can be transformed
into our integral equation.

Our article starts by investigating the solvability of the integral equation.

@) = b + A [t —5) f(s, o(sNds , t €[0T ] (1)

Such integral equations and similar ones had been treated before in different Banach spaces

or by
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using different assumptions [1 — 13, 15].

In the proof of our main existence theorem, we use Schauder fixed point theorem [14, 16].

Theorem (1). (Schauder fixed point theorem).
Assume that A is a nonempty, convex, closed and bounded subset of Banach space E and

F: E — E is completely continuous mapping (i.e. F is continuous and F(Y) is relatively

compact for
every bounded subset Y of E such that F : A — A. then F has at least a fixed point in A.

Note that the relatively compactness of a subset A can be deduced directly from its

compactness.

For compactness in the space L'[ 0,T ] we can use Kolmogorov theorem. [6, 16]

Theorem (2). (Kolmogorov theorem).

A set X of the space L*[ a b ], is compact iff:

) There exists a constant M such that (fbalx(t)l dt)<M,vVx€eX,te€][ab].
1)} Foreverye >0, 6 36 >0 suchthatd(x, x,) <eVx €X h<§ where x; is
Steklov function , x;, (t) = % ftHhx(s)ds , t € [ab].

Main Results

Our paper aims to discuss suitable assumptions that enable us to prove the existence

theorem for

a Volterra integral equation of convolution type in the space of Lebesgue integrable

functions
LYO0T].

The paper is ended by two examples that treat the solvability of an integro-differential

equation.

This integro-differential equation can be transformed into the preceding Volterra integral

equation

(1).
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consider the integral equation of Volterra type

@(t) = b(t) + A [, Y(t —s) f(s, @(s))ds , t €[0T ]. (1)

First, we consider the operator

(F@)(®) = b(D) + A [y ¥(t =) (s, p(s))ds , t €[0T ]. (2)
And we will consider the following assumptions:

) b:[0T] >R, be L'[0OT],

II) ¥:[0T] —R is integrable and bounded, i.e. there exists a number a > 0 such that
Wt —s)|<avtsel0T],

) f:]10,T] xR— Riis Lipschitz, i.e. |f(t — @) — f(t — ;)| < L|p.(t) — @, (t)|, Lis
positive constant,

IV) sup terorlf(£,0)| = M, M is constant,

V) a|AILT < 1.

Now, we will prove our existence theorem.
Theorem (3).
The integral equation (1) has at least one solution ¢(t) € L1[0,T] if the assumptions (I-V) are
satisfied.
Proof:
Note that the space L[ 0.T ] is a Banach space.
Note also that using (iii), we get:
lf (t,9) — f(£0)| < Llp(t) — 0] = Llp(®)I
Hence
lf )l < 1f 0] + Ll
< sup|f(t,0)| + Llp(®)]
<M+ Llp®)| (3)

First, we will show that the operator F transforms the space L'[ 0,T ] into itself, i.e.
F:L'[0T]— L[0T].

In other words, ||Fo|| € L*[0,T ] forevery € L[0T ]?

2304



Architectural Image Studies, ISSN: 2184-8645

Letp € L'[0,T ] then (J, lp(t)] dt) < oo
Now, we have
Iy IFe(®)ldt = [ [b(e) + 4 [ w(t — 5) (5, (s))ds| dt
< [ 1b(ldt + 121 f, [1w(t — )IIf (s, (s))|dsde
< lIbll + 121 f, f; 1p(t = )I[M + Lig(s)|]dsdt, using (3)
< Ibll + alAIMT? + alAlL ([ 1o (s)lds) T
<
Hence (t) € L'[0T].
Let @, ={p(t) € L'[0T ]:llgll <7}
So, we can see that Q,. is convex.
Forifp,,p, €Q,,0<c <1, then o]l <7, |l <7
Now, we have
llew; + (1 = @2ll < llcgqll + 111 = )l
< lelllgall + 11 = clllg2ll
<cr+(1-0c)r=r
(cps + (1 —)p,) € Q, so Q, is convex.
Next, we show that the operator F defined by (2) is continuous.

For if ¢, (t) — @(t) as — oo , we get
(Fep)() = b(t) + A [ (¢ — 5) £ (5, pu(s))ds

— b(®) + A [t —3) f(s, 9(s))ds = (F)(t).
i.e. Fp, — F¢. So, F is continuous.
Also, the operator F transforms @, into Q,
ie. F: Q. — Q,
Forif o(t) € Q, then ||¢|| < r, thus we have
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IFgll = [ [b@®) + A fy w(t = $)f (s, @(s))ds| dt
< Ib@®Il + alal f [7 (M + Llp(s)dsdt
<161 + alal (MT? + L[ [ lo(s)lds] T)

< ||b|| + a|A|(MT? + LrT)
Then Fe € Q, such that

__|Ibll+al| MT?
T 1-qALT

, a|A|LT < 1.
In the sequence, for the sequence ¢,, in Q,, we deduce that Fe, is in Q,.
i.e. Fo, is a sequence of uniformly bounded functions.

Finally, we see that for every positive small number &, there exists a small positive number &

such
that d((Fo,)nFp,) <& h<§

Now, we have

A(For)nFpn) = Jy I(Fo)n() — Fen) ()] dt
= [y [+ (Fpn)(0)do — (Fpn)(®)] dt
= Iy [ Fon)©)d6 — L (Fo) (0| dt

=y I Fon)©)do — 2 " (B () 6| at

= Jy [ (Fen) 0) — Fon)(©))do] dt

<= 7 FRR)(6) — (Fon) ()] d6 dt
<=y S B + A J) (B = (s, @uls))ds = b(E) = 2 f, (& = )f (5, pn(s))ds| dOdt
<27 IMb(0) — b(o)ldbde + LT [ [T1(6 — 5) — (e — )11 (s, p(s))ldsdode
<2 [0 IbO) — b(o)ldede + LT [T [ (6 — ) — (e - )IIf (s, @(s))|dOdsdt

t+h

Ash— 0, weseethat [ ""|b(6) — b(t)|d8dt — 0.
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1Al

Also ZL [T [7 [0 = 5) — (¢ — )M + Llgy(s)|]dsdodt

— % = using L'Hopital.

— 1Al fy J Wt +h—s) =t — )M + Llg,(s)l]ds — 0

i.e. d((Fp)n — (Fpy)) < € for every h so small.

Hence, (Fg,,) is compact and so{ F g, }is relatively compact.

So, all conditions of Schauder fixed point theorem are satisfied, then there exists at least one
solution ¢(t) for the integral equation (1) in L[ 0,7 ] and the theorem is proved.

For uniqueness, assume that there are two solutions ¢,(t), ¢,(t) then

t
91(8) = b(6) + f (e — 5) F(s, 91(5))ds
0

92(6) = b(0) + 2 fo Wt~ ) FGs, ga())ds
Since
[91(6) = @2(O)] = |4 f5 (e = ) (F5, 91.()) = £ (5, 92(s)))dls |
< 1Al [l = N If (s, 91(5)) — £ (s, @2(s))lds
< AlaL [ g1 (s) — @2(s)lds

< |AlaL f 11(s) — ¢2(s)lds
= allLllp; —
Then
L1016 = 9, (O] dt < [ 11 (t) — @, (0)] dt
i.e. [log — @all < alAlLTlo1 — @2l
ie. [lps — @oll(1 = al2ILT) < 0
Since a|A|LT < 1 then (1 —«|A|LT) > 0

Since || - [[ = 0, then [l¢; — @, lI(1 — «|A|LT) = 0
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i.e. llgr—ll=0
i.e. 1 = @, , the solution is unique.
Example (1).
Consider a Volterra integro-differential equation of convolution type:
u(®) = a(®) + A [, v(t —s) f(s,u(s)ds , t €[0,1],v(0) =0. (4)

Differentiate both sides with respect to t. we get:
. t
ut) =alt)+ 21 v(O)f(s,iL(s)) + /1[ v(t —s) f(s u(s))ds
0

Take u (t) = @(t), a(t) =b(t), v (t) =yt —s),t €[0,1], then

@(t) =b(t) + A [, Y(t—s) f(s, @(s))ds ., t €[0,1]. (5)

According to theorem (1), we deduce that the Volterra integral equation of convolution type
(5) has

a unique solution under the assumptions (I-V).

Since
u(0) = a(0)

Then

t

u(t) —u(0) = f p(s)ds

0

i.e.
u(t) = a(0) + fotqo(s)ds ,tE[01]

Example (2).

Consider the convolution integro-differential equation:

t—s
1+t-s

u(t) =In(L+6) +f; sin(s + u(s))ds,t €[01]. (6)

Differentiate both sides with respect to t, we get

. 1,1t 1 .
) =—+5J; FEray sin(s + 0(s))ds,t € [0,1]
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1
1+t

Take @(t) = ¢(t) , () = 117, Y(E —9) = riss » 5, 9(5)) = sin(s + 9(s)).

So, we deduce an integral equation.
@(t) = b(£) +3 [y ¥t — ) f(s, p(s))ds t € [0,1],
Note that
1 1 1 dt
b(t) =€ L'[0,1], where [ |b(t)ldt = | i In[|[1+¢t]]i=In2-In1=Ih2<»

i.e. b(t) € L'[0 1].

Also, Y(t—s) = is integrable and bounded.

(1+t—s)?

In general, the function ﬁ .t €[0.1], is integrable and bounded by % and 1,

ie. [Y(t—s)| <1.
Also, the function f (s, ¢(s)) = sin(s + ¢(s)) satisfies Lipschitz condition,
where, the mean — value theorem gives us
£ (s,01(s)) = f(s,902(s))| = Isin(s + ¢1(s)) — sin(s + ¢ (s)) |

= |cos(c)||@1(s) — @,(s)].|cos(c)| < 1. 0<c <1
i.e. f(s, @(s)) satisfies Lipschitz condition.

From above, we seethata =1.L=1.A==.T = 1.

N |-

Finally, a|A|LT = > < 1.

i.e. all assumptions of theorem (1) are satisfied. So, our equation (6) is solvable in
L'01].

Conclusion
From this paper, we see that the Volterra integral equation of convolution type (1)
will be solvable in the space of Lebesgue integrable functions L*[ 0.T ] under some
sufficient conditions.
As an application we deduced the solvability of integro-differential equations (4, 6) in the
space L'[0,T ].
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