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Abstract  

an existence theorem of a unique solution of a Volterra integral equation of convolution type will be 

 proved. The paper will be ended by two examples that treat the solvability of a Volterra integro- 

differential equation of convolution type in the space of Lebesgue integrable functions L¹[ 0  ̦T ]. 
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Introduction 

Integral equations play an important role in many branches of mathematics and their 
applications,  

including differential equations, mathematical physics, control theory, and population 
dynamics 

[17 - 21].  

The aim of this article is to study the solvability of a Volterra integral equation of 
convolution type  

in the space 𝐿¹[ 0 ̦𝑇 ] . We focus on establishing sufficient conditions that guarantee 
existence 

 and uniqueness of solutions. The approach relies mainly on Schauder's fixed point 
theorem and 

 compactness criteria in Lebesgue space 𝐿¹[ 0 ̦𝑇 ]. Moreover, the results are extended to 
the solvability of an integro-differential equation in the space L¹[ 0 Ț ] that can be transformed 
into our integral equation. 

       Our article starts by investigating the solvability of the integral equation. 

φ(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦𝑇 ]  (1) 

Such integral equations and similar ones had been treated before in different Banach spaces 

or by 
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 using different assumptions [1 – 13, 15].  

In the proof of our main existence theorem, we use Schauder fixed point theorem [14, 16]. 

 

Theorem (1). (Schauder fixed point theorem).  

Assume that 𝐴 is a nonempty, convex, closed and bounded subset of Banach space 𝐸 and  

𝐹: 𝐸 ⟶ 𝐸 is completely continuous mapping (i.e. 𝐹 is continuous and 𝐹(𝑌) is relatively 

compact for  

every bounded subset 𝑌 of 𝐸 such that 𝐹 ∶  𝐴 ⟶ 𝐴. then 𝐹 has at least a fixed point in 𝐴. 

Note that the relatively compactness of a subset 𝐴 can be deduced directly from its 

compactness. 

For compactness in the space 𝐿¹[ 0 ̦𝑇 ] we can use Kolmogorov theorem. [6, 16]   

 

Theorem (2). (Kolmogorov theorem).  

A set 𝑋 of the space 𝐿¹[ 𝑎 ̦𝑏 ] , is compact iff:  

I) There exists a constant 𝑀 such that (∫ |𝑥(𝑡)|
𝑎

𝑏
𝑑𝑡) ≤ 𝑀 , ∀𝑥 ∈ 𝑋 , 𝑡 ∈ [𝑎 ̦𝑏].  

II) For every 𝜀 > 0   ̦  ∃ 𝛿 > 0  such that 𝑑(𝑥 ̦ 𝑥𝑛 ) < 𝜀 ∀ 𝑥 ∈ 𝑋 ̦ ℎ < 𝛿  where 𝑥ℎ is 

Steklov function , 𝑥ℎ(𝑡) =  
1

ℎ
 ∫ 𝑥(𝑠)𝑑𝑠

𝑡+ℎ

𝑡
 , 𝑡 ∈ [𝑎 ̦𝑏].  

Main Results 

    Our paper aims to discuss suitable assumptions that enable us to prove the existence 

theorem for 

     a Volterra integral equation of convolution type in the space of Lebesgue integrable 

functions  

𝐿¹[ 0 ̦𝑇 ].  

     The paper is ended by two examples that treat the solvability of an integro-differential 

equation. 

    This integro-differential equation can be transformed into the preceding Volterra integral 

equation  

(1). 
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consider the integral equation of Volterra type  

φ(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦𝑇 ]. (1) 

First, we consider the operator 

(Fφ)(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦𝑇 ]. (2) 

And we will consider the following assumptions:  

I) 𝑏: [0 ̦𝑇] ⟶R  ̦ 𝑏 ∈  𝐿¹[ 0 ̦𝑇 ], 

II) 𝜓: [0 ̦𝑇] ⟶R is integrable and bounded, i.e. there exists a number 𝛼 > 0 such that 

|𝜓(𝑡 − 𝑠)| ≤ 𝛼 ∀ 𝑡 ̦s ∈ [0 ̦𝑇], 

III) 𝑓: [0 ̦𝑇] ×R→ R is Lipschitz, i.e. |𝑓(𝑡 − 𝜑1) − 𝑓(𝑡 − 𝜑2)| < 𝐿|𝜑1(𝑡) − 𝜑2(𝑡)|, 𝐿 is 

positive constant,  

IV) 𝑠𝑢𝑝 𝑡𝜖[ 0 ̦𝑇 ]|𝑓(𝑡 ̦0)| = 𝑀, 𝑀 is constant, 

V) 𝛼 |𝜆|𝐿𝑇 < 1.  

Now, we will prove our existence theorem. 

Theorem (3). 

The integral equation (1) has at least one solution 𝜑(𝑡) ∈ 𝐿1[0 ̦𝑇] if the assumptions (I-V) are 

 satisfied.  

Proof:  

Note that the space 𝐿¹[ 0 ̦𝑇 ] is a Banach space.  

Note also that using (iii), we get:  

|𝑓(𝑡 ̦𝜑) − 𝑓(𝑡 ̦0)| ≤ 𝐿|𝜑(𝑡) − 0| = 𝐿|𝜑(𝑡)| 

Hence  

|𝑓(𝑡 ̦𝜑)| ≤ |𝑓(𝑡 ̦0)| + 𝐿|𝜑(𝑡)| 

                   ≤ 𝑠𝑢𝑝|𝑓(𝑡 ̦0)| + 𝐿|𝜑(𝑡)| 

           ≤ 𝑀 + 𝐿|𝜑(𝑡)|   (3) 

First, we will show that the operator 𝐹 transforms the space 𝐿¹[ 0 ̦𝑇 ] into itself, i.e. 

𝐹: 𝐿¹[ 0 ̦𝑇 ] ⟶ 𝐿¹[ 0 ̦𝑇 ]. 

In other words, ‖𝐹𝜑‖ ∈  𝐿¹[ 0 ̦𝑇 ] for every ∈  𝐿¹[ 0 ̦𝑇 ] ?  
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Let 𝜑 ∈  𝐿¹[ 0 ̦𝑇 ] then (∫ |𝜑(𝑡)|
𝑇

0
𝑑𝑡) < ∞  

Now, we have  

∫ |Fφ(𝑡)|𝑑𝑡
𝑇

0
= ∫ |𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)

𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠| 𝑑𝑡

𝑇

0
  

                    ≤ ∫ |𝑏(𝑡)|𝑑𝑡
𝑇

0
+ |𝜆| ∫ ∫ |𝜓(𝑡 − 𝑠)||𝑓(𝑠 ̦ 𝜑(𝑠))|𝑑𝑠𝑑𝑡

𝑡

0

𝑇

0
 

                    ≤ ‖𝑏‖ + |𝜆| ∫ ∫ |𝜓(𝑡 − 𝑠)|[𝑀 + 𝐿|𝜑(𝑠)|]𝑑𝑠𝑑𝑡
𝑇

0

𝑇

0
, using (3) 

                    ≤ ‖𝑏‖ + 𝛼|𝜆|𝑀𝑇2 + 𝛼|𝜆|𝐿 (∫ |𝜑(𝑠)|𝑑𝑠
𝑇

0
) 𝑇  

                    < ∞  

Hence (𝑡) ∈  𝐿¹[ 0 ̦𝑇 ] .  

Let 𝑄𝑟 = {𝜑(𝑡) ∈  𝐿1[ 0 ̦𝑇 ]: ‖𝜑‖ < 𝑟}  

So, we can see that 𝑄𝑟 is convex.  

For if 𝜑1 , 𝜑2 ∈ 𝑄𝑟 , 0 ≤ 𝑐 ≤ 1 , then ‖𝜑1‖ ≤ 𝑟 , ‖𝜑2‖ ≤ 𝑟  

Now, we have 

‖𝑐𝜑1 + (1 − 𝑐)𝜑2‖ ≤ ‖𝑐𝜑1‖ + ‖(1 − 𝑐)𝜑2‖  

                               ≤ |𝑐|‖𝜑1‖ + |1 − 𝑐|‖𝜑2‖  

                               ≤ 𝑐𝑟 + (1 − 𝑐)𝑟 = 𝑟  

(𝑐𝜑1 + (1 − 𝑐)𝜑2) ∈ 𝑄𝑟 so 𝑄𝑟 is convex.  

Next, we show that the operator 𝐹 defined by (2) is continuous.   

For if 𝜑𝑛(𝑡) ⟶ 𝜑(𝑡) as ⟶ ∞ , we get  

(F𝜑𝑛)(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝜑𝑛(𝑠))𝑑𝑠  

               ⟶ 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠  ̦ 𝜑(𝑠))𝑑𝑠 = (F𝜑)(𝑡). 

i.e.  F𝜑𝑛 ⟶  F𝜑. So, 𝐹 is continuous.  

Also, the operator F transforms 𝑄𝑟 into 𝑄𝑟  

i.e. 𝐹: 𝑄𝑟 ⟶ 𝑄𝑟  

For if 𝜑(𝑡) ∈  𝑄𝑟 then ‖𝜑‖ ≤ 𝑟 , thus we have  
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‖𝐹𝜑‖ =  ∫ |𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠
𝑡

0
| 𝑑𝑡

𝑇

0
  

          ≤ ‖𝑏(𝑡)‖ + 𝛼|𝜆| ∫ ∫ (𝑀 + 𝐿|𝜑(𝑠)|)𝑑𝑠𝑑𝑡
𝑇

0

𝑇

0
  

          ≤ ‖𝑏(𝑡)‖ + 𝛼|𝜆| (𝑀𝑇2 + 𝐿 [∫ |𝜑(𝑠)|𝑑𝑠
𝑇

0
] 𝑇)  

          ≤ ‖𝑏‖ + 𝛼|𝜆|(𝑀𝑇2 + 𝐿𝑟𝑇)  

Then 𝐹𝜑 ∈  𝑄𝑟 such that  

𝑟 =
‖𝑏‖+𝛼|𝜆| 𝑀𝑇2

1−𝛼|𝜆|𝐿𝑇
  ,  𝛼|𝜆|𝐿𝑇 < 1. 

In the sequence, for the sequence 𝜑𝑛 in 𝑄𝑟 we deduce that F𝜑𝑛 is in 𝑄𝑟.  

i.e. F𝜑𝑛 is a sequence of uniformly bounded functions.  

Finally, we see that for every positive small number 𝜀, there exists a small positive number 𝛿 

such  

that 𝑑((F𝜑𝑛)ℎ  ̦F𝜑𝑛) < 𝜀, ℎ < 𝛿 

Now, we have  

𝑑((F𝜑𝑛)ℎ  ̦F𝜑𝑛) =  ∫ |(F𝜑𝑛)ℎ(𝑡) − (F𝜑𝑛)(𝑡)|
𝑇

0
𝑑𝑡  

                         =  ∫ |
1

ℎ
∫ (F𝜑𝑛)(𝜃)𝑑𝜃 − (F𝜑𝑛)(𝑡)

𝑡+ℎ

𝑡
|

𝑇

0
𝑑𝑡  

                         =  ∫ |
1

ℎ
∫ (F𝜑𝑛)(𝜃)𝑑𝜃 −

1

ℎ
(F𝜑𝑛)(𝑡)

𝑡+ℎ

𝑡
|

𝑇

0
𝑑𝑡  

                         =  ∫ |
1

ℎ
∫ (F𝜑𝑛)(𝜃)𝑑𝜃 −

1

ℎ
∫ (F𝜑𝑛)(𝑡)

𝑡+ℎ

𝑡
𝑑𝜃

𝑡+ℎ

𝑡
|

𝑇

0
𝑑𝑡  

                         =  ∫ |
1

ℎ
∫ ((F𝜑𝑛)(𝜃) − (F𝜑𝑛)(𝑡))𝑑𝜃

𝑡+ℎ

𝑡
|

𝑇

0
𝑑𝑡  

                         ≤
1

ℎ
 ∫ ∫ |(F𝜑𝑛)(𝜃) − (F𝜑𝑛)(𝑡)|

𝑡+ℎ

𝑡
𝑑𝜃

𝑇

0
𝑑𝑡  

≤
1

ℎ
∫ ∫ |𝑏(𝜃) + 𝜆 ∫ 𝜓(𝜃 − 𝑠)𝑓(𝑠 ̦ 𝜑𝑛(𝑠))𝑑𝑠 − 𝑏(𝑡) − 𝜆 ∫ 𝜓(𝑡 − 𝑠)𝑓(𝑠 ̦ 𝜑𝑛(𝑠))𝑑𝑠

𝑡

0

𝜃

0
| 𝑑𝜃𝑑𝑡

𝑡+ℎ

𝑡

𝑇

0
  

≤
1

ℎ
∫ ∫ |𝑏(𝜃) − 𝑏(𝑡)|𝑑𝜃𝑑𝑡 +

|𝜆|

ℎ

𝑡+ℎ

𝑡

𝑇

0 ∫ ∫ ∫ |𝜓(𝜃 − 𝑠) − 𝜓(𝑡 − 𝑠)||𝑓(𝑠 ̦ 𝜑(𝑠))|𝑑𝑠𝑑𝜃𝑑𝑡
𝑇

0

𝑡+ℎ

𝑡

𝑇

0
  

≤
1

ℎ
∫ ∫ |𝑏(𝜃) − 𝑏(𝑡)|𝑑𝜃𝑑𝑡 +

|𝜆|

ℎ

𝑡+ℎ

𝑡

𝑡

0 ∫ ∫ ∫ |𝜓(𝜃 − 𝑠) − 𝜓(𝑡 − 𝑠)||𝑓(𝑠 ̦ 𝜑(𝑠))|𝑑𝜃𝑑𝑠𝑑𝑡
𝑡+ℎ

𝑡

𝑇

0

𝑇

0
  

As ℎ ⟶ 0 , we see that ∫ |𝑏(𝜃) − 𝑏(𝑡)|𝑑𝜃𝑑𝑡
𝑡+ℎ

𝑡
 ⟶ 0. 
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Also 
|𝜆|

ℎ
∫ ∫ ∫ |(𝜃 − 𝑠) − 𝜓(𝑡 − 𝑠)|[𝑀 + 𝐿|𝜑𝑛(𝑠)|]𝑑𝑠𝑑𝜃𝑑𝑡

𝑡+ℎ

𝑡

𝑇

0

𝑇

0
  

⟶
0

0
⇒ using L'Hopital.  

⟶ |𝜆| ∫ ∫ (𝜓(𝑡 + ℎ − 𝑠) − 𝜓(𝑡 − 𝑠))[𝑀 + 𝐿|𝜑𝑛(𝑠)|]
𝑇

0
𝑑𝑠 ⟶ 0

𝑇

0
  

i.e. 𝑑((F𝜑)ℎ − (F𝜑𝑛)) < 𝜀 for every ℎ so small.  

Hence, (F𝜑𝑛) is compact and so} 𝐹𝜑𝑛 {is relatively compact. 

So, all conditions of Schauder fixed point theorem are satisfied, then there exists at least one 

 solution 𝜑(𝑡) for the integral equation (1) in 𝐿¹[ 0 ̦𝑇 ]  and the theorem is proved. 

For uniqueness, assume that there are two solutions  𝜑1(𝑡) , 𝜑2(𝑡) then  

𝜑1(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0

𝑓(𝑠 ̦ 𝜑1(𝑠))𝑑𝑠 

𝜑2(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0

𝑓(𝑠 ̦ 𝜑2(𝑠))𝑑𝑠 

Since  

|𝜑1(𝑡) − 𝜑2(𝑡)| = |𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
(𝑓(𝑠 ̦ 𝜑1(𝑠)) − 𝑓(𝑠  ̦ 𝜑2(𝑠)))𝑑𝑠|  

                          ≤ |𝜆| ∫ |𝜓(𝑡 − 𝑠)|
𝑡

0
|𝑓(𝑠 ̦ 𝜑1(𝑠)) − 𝑓(𝑠  ̦ 𝜑2(𝑠))|𝑑𝑠  

                          ≤ |𝜆|𝛼𝐿 ∫ |𝜑1(𝑠) − 𝜑2(𝑠)|𝑑𝑠
𝑡

0
  

                          ≤ |𝜆|𝛼𝐿 ∫ |𝜑1(𝑠) − 𝜑2(𝑠)|𝑑𝑠
𝑇

0
  

                          = 𝛼|𝜆|𝐿‖𝜑1 − 𝜑2‖  

Then  

∫ |𝜑1(𝑡) − 𝜑2(𝑡)|
𝑇

0
𝑑𝑡 ≤ ∫ |𝜑1(𝑡) − 𝜑2(𝑡)|

𝑇

0
𝑑𝑡  

i.e. ‖𝜑1 − 𝜑2‖ ≤  𝛼|𝜆|𝐿𝑇‖𝜑1 − 𝜑2‖  

i.e. ‖𝜑1 − 𝜑2‖(1 − 𝛼|𝜆|𝐿𝑇) ≤  0  

Since 𝛼|𝜆|𝐿𝑇 < 1 then (1 − 𝛼|𝜆|𝐿𝑇) >  0  

Since ‖ ∙ ‖ ≥ 0 , then ‖𝜑1 − 𝜑2‖(1 − 𝛼|𝜆|𝐿𝑇) =  0  
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i.e. ‖𝜑1 − 𝜑2‖ =  0  

i.e. 𝜑1 = 𝜑2 , the solution is unique.  

Example (1).  

Consider a Volterra integro-differential equation of convolution type:  

u(𝑡) = 𝑎(𝑡) + 𝜆 ∫ 𝑣(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝑢̀(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦1 ] , 𝑣(0) = 0 .   (4) 

Differentiate both sides with respect to 𝑡. we get:   

𝑢̀(𝑡) = 𝑎̀(𝑡) + 𝜆 𝑣(0)𝑓̀(𝑠 ̦𝑢̀(𝑠)) + 𝜆 ∫ 𝑣̀(𝑡 − 𝑠)
𝑡

0

𝑓(𝑠 ̦ 𝑢̀(𝑠))𝑑𝑠 

Take  𝑢 (𝑡)̀ = 𝜑(𝑡) ,  𝑎 (𝑡)̀ = 𝑏(𝑡) , 𝑣 (𝑡)̀ = 𝜓(𝑡 − 𝑠) , 𝑡 ∈ [0 ̦1], then  

φ(𝑡) = 𝑏(𝑡) + 𝜆 ∫ 𝜓(𝑡 − 𝑠)
𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦1 ] .   (5) 

According to theorem (1), we deduce that the Volterra integral equation of convolution type 

(5) has 

 a unique solution under the assumptions (I-V). 

Since 

𝑢(0) = 𝑎(0)  

Then 

𝑢(𝑡) − 𝑢(0) = ∫ 𝜑(𝑠)𝑑𝑠
𝑡

0

 

i.e. 

𝑢(𝑡) = 𝑎(0) + ∫ 𝜑(𝑠)𝑑𝑠  
𝑡

0
, 𝑡 ∈ [ 0 ̦1 ] 

Example (2). 

Consider the convolution integro-differential equation: 

𝑢(𝑡) = ln(1 + 𝑡) +
1

2
∫

𝑡−𝑠

1+𝑡−𝑠
sin(𝑠 + 𝑢(𝑠))𝑑𝑠, 𝑡 ∈ [ 0 ̦1 ]

𝑡

0
.   (6) 

Differentiate both sides with respect to 𝑡, we get 

𝑢̀(𝑡) =
1

1+𝑡
+

1

2
∫

1

(1+𝑡−𝑠)2 sin(𝑠 + 𝑢̀(𝑠))𝑑𝑠, 𝑡 ∈ [ 0 ̦1 ]
𝑡

0
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Take  𝑢̀(𝑡) = 𝜑(𝑡) , (𝑡) =
1

1+𝑡
 , 𝜓(𝑡 − 𝑠) =

1

(1+𝑡−𝑠)2 , 𝑓(𝑠 ̦ 𝜑(𝑠)) = sin(𝑠 + 𝜑(𝑠)). 

So, we deduce an integral equation.  

φ(𝑡) = 𝑏(𝑡) +
1

2
∫ 𝜓(𝑡 − 𝑠)

𝑡

0
𝑓(𝑠 ̦ 𝜑(𝑠))𝑑𝑠 , 𝑡 ∈ [ 0 ̦1 ],  

Note that  

𝑏(𝑡) =
1

1+𝑡
∈ 𝐿1[0 ̦1], where ∫ |𝑏(𝑡)|𝑑𝑡 = ∫

𝑑𝑡

|1+𝑡|
= ln[|1 + 𝑡|]0

1 = ln 2 − ln 1 = ln 2 < ∞
1

0

1

0
  

i.e. 𝑏(𝑡) ∈ 𝐿1[0 ̦1]. 

Also,  𝜓(𝑡 − 𝑠) =
1

(1+𝑡−𝑠)2  is integrable and bounded.  

In general, the function 
1

(1+𝑡)2  . 𝑡 ∈ [ 0 .1 ], is integrable and bounded by 
1

4
 and 1,  

i.e. |𝜓(𝑡 − 𝑠)| ≤ 1. 

Also, the function 𝑓(𝑠 ̦ 𝜑(𝑠)) = sin(𝑠 + 𝜑(𝑠)) satisfies Lipschitz condition, 

 where, the mean – value theorem gives us  

|𝑓(𝑠 ̦𝜑1(𝑠)) − 𝑓(𝑠 ̦𝜑2(𝑠))| =  |sin(𝑠 + 𝜑1(𝑠)) − sin(𝑠 + 𝜑2(𝑠)) |  

                                         = |cos(𝑐)||𝜑1(𝑠) − 𝜑2(𝑠)| . |cos(𝑐)| < 1.  0 < 𝑐 < 1  

i.e. 𝑓(𝑠 ̦ 𝜑(𝑠)) satisfies Lipschitz condition.  

From above, we see that 𝛼 = 1 . 𝐿 = 1 . 𝜆 =
1

2
 . 𝑇 = 1. 

Finally, 𝛼|𝜆|𝐿𝑇 =
1

2
< 1.  

i.e. all assumptions of theorem (1) are satisfied. So, our equation (6) is solvable in 

𝐿¹[ 0 ̦1 ]. 

Conclusion 

From this paper, we see that the Volterra integral equation of convolution type (1)  

will be solvable in the space of Lebesgue integrable functions 𝐿¹[ 0 ̦𝑇 ] under some  

sufficient conditions. 

As an application we deduced the solvability of integro-differential equations (4, 6) in the 

 space 𝐿¹[ 0 ̦𝑇 ].  
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